Solar cycles are studied with the new (version 2) monthly smoothed international sunspot number, the variations of which are found to be well represented by the modified logistic differential equation with four parameters: maximum cumulative sunspot number or total sunspot number x m , initial cumulative sunspot number x 0 , maximum emergence rate r 0 , and asymmetry α. A two-parameter function can be obtained by taking the parameters α and r 0 as fixed value. In addition, it is found that the two parameters x m and x 0 can be well determined at the start of a cycle based on the analysis of solar cycles 1 − 23. Therefore, a prediction model of the sunspot number variations of solar cycles is established based on the two-parameter function. The prediction for cycles 4 − 23 shows that the solar maximum can be predicted with relative error being 9% at the start of the cycle, which is better than that of other fitting functions in the literature. Besides, our model can predict the cycle length with the relative error being 10%. Furthermore, we predict the sunspot number variations of solar cycle 24 with the relative errors of the solar maximum and that of the ascent time Corresponding author: G. Qin qingang@hit.edu.cn 2 Qin and Wu being 8% and 7%, respectively, we also predict that the length of cycle 24 is 10.90 ± 1.09 years. The comparison to the observation of cycle 24 shows that our prediction model has good effectiveness.
INTRODUCTION
Sunspot number is a good indicator of solar activity and its change follows an 11-year cycle. Solar activity has influence on the galactic cosmic ray intensity (e.g., McDonald 1998; Qin & Shen 2017; Shen & Qin 2018 ) that has impact on the health of astronauts and safety of spacecraft. It is also suggested that solar activity may affect Earth's climate (e.g., Haigh 2007) . There is evidence that the energy spectrum of groundlevel enhancement (GLE) of solar energetic particle events is relevant with the 10.7 cm solar radio flux (Wu & Qin 2018 ) that is highly correlated with sunspot number (e.g., Holland & Vaughan 1984; Hathaway 2015) , so that the prediction of the time profile of sunspot number is helpful for estimating the spectra of potential GLEs. In addition, the fact that sunspot number is related to other solar parameters may guide us to better understand the origin of solar cycles.
In order to describe the variations of sunspot number in one solar cycle, Stewart & Panofsky (1938) adopted Pearson's Type III distribution function with a power law for the rising phase and an exponential for the decline phase. Furthermore, Hathaway et al. (1994) constructed a quasi-Planck function similar to that of Stewart & Panofsky (1938) but with a fixed (cubic) power law for the rising phase and a Gaussian for the decline phase, which is given by (Hathaway et al. 1994; Hathaway 2015) :
with four parameters, namely, amplitude A, starting time t 0 , rise time b, and asymmetry c. They found that the asymmetry c can be taken as a fixed value and the rise time b is relevant with the amplitude A, so that the function could be reduced to a two-parameter form and the sunspot number could still be fitted well.
They found that the amplitude can be estimated at the start of a solar cycle by using the correlation between the amplitude and the length of the previous cycle, and the relative error is within about 30%. At some time ∆t that a solar cycle has progressed one can use this model to fit the observed data and thus one can predict the sunspot number for the rest of the cycle. They concluded that the accuracy of the predicted amplitude is within about 20% and 10% if ∆t = 30 and 42 months, respectively. Volobuev (2009) suggested a similar function with three parameters to represent the sunspot number, and they also obtained a two-parameter form by reducing one of the parameters. Note that, they considered it to be one-parameter fit because the parameter of starting time was neglected to fit. They found that the fitting effects of their model were similar to that of Hathaway et al. (1994) . What's more, they concluded that their empirical model did better than dynamo ones in fitting the sunspot number. By introducing an asymmetry factor α to describe the asymmetry of the sunspot number during a solar cycle, Du (2011) introduced a modified Gaussian function
with four parameters, among which they found that B and α can be obtained by quadratic functions of t m , and thus the number of parameters is reduced to two. Based on the two-parameter function, they concluded that the accuracy of predicted maximum sunspot number is within 15% if ∆t = 25 months. Gnevyshev (1963) found that during solar maximum sunspot number usually has double-peak with a gap in between, which is called Gnevyshev gap. In order to fit this phenomenon Sabarinath & Anilkumar (2008) suggested the modified binary mixture of the Laplace distribution functions
with six parameters as the model of sunspot number. They also obtained a two-parameter function by using empirical values for M 1 , M 2 , S 1 , and S 2 . Recently, Li et al. (2017) proposed a simplified binary mixture of Gaussian functions as follows:
with six parameters too, which, however, shows better results in the double-peak to fit monthly smoothed sunspot number data. In addition, they found that the function could be reduced to a three-parameter form since the parameters M 2 , S 1 , and A 2 could be represented by M 1 .
It is shown that empirical functions can be used to represent the variations of sunspot number during a solar cycle with demonstrated prediction power, but they usually do not obtain a good prediction result for a solar cycle until 2 to 3 years that the solar cycle has progressed, i.e., ∆t = 2 to 3 years (Hathaway et al. 1994; Du 2011; Hathaway 2015) . In this paper we use the modified logistic differential equation to reproduce the variations of sunspot number during solar cycles, and thus a prediction model is established with good effectiveness. In section 2, sunspot data are presented. In section 3, our new sunspot number model with modified logistic function is presented. In section 4, we show the results of the new model. In section 5, the prediction ability of our model is presented. And conclusions are presented in section 6.
SUNSPOT DATA
In this work, we use the new (version 2) monthly smoothed international sunspot number (Clette et al. 2015) , which can be downloaded from http://www.sidc.be/silso/. The standard deviation of monthly smoothed sunspot number can be calculated approximately by the equation s = 0.98 √ S (Clette et al. 2014; Li et al. 2017) , where S denotes the sunspot numbers. The minimum and maximum epochs of a sunspot cycle are obtained by taking the mathematical minimum and maximum, respectively, in the monthly smoothed sunspot number, which has been used in the literature (e.g., Kakad 2011; Kakad et al. 2015) . Note that, if the minimum/maximum value is occurred more than once in a cycle, the first occurrence is taken as the epoch of the minimum/maximum. The blue and black curves in Figure 1 represent sunspot numbers and cumulative sunspot numbers for each cycle, respectively. In other words, the blue curves are the derivative of the black ones.
3. SUNSPOT NUMBER MODEL WITH MODIFIED LOGISTIC FUNCTION
Logistic function
Logistic function is proposed by Verhulst (1838) for modeling population growth, and the function has been successfully used in many fields such as statistics, machine learning, chemistry, physics, economics, and sociology. In the model, the growth of population is related to the number of the current population, which can be written as:
where x and r are the current population and growth rate, respectively. Due to the limitation of environmental factors, the growth rate decreases with the increase of population, which has a maximum value x m .
Consequently, the growth rate r can be written as
where r 0 and k are constants with r 0 being called intrinsic growth rate. When the population reaches its maximum value x m , the growth rate r becomes zero, i.e., r(x m ) = 0. Therefore, the constant k could be eliminated, and Equation (6) is rewritten as:
Substituting Equation (7) into Equation (5), the differential equation of population is given by:
Using the initial condition x| t=0 = x 0 , the integral equation of population is derived as:
which is called logistic function.
In Figure 2 (a), the black curve shows the logistic function, and the blue curve is the derivative of the black one. It can be seen that the black curve in Figure 2 (a) (logistic function) is similar to the black curve in Figure 1 (cumulative sunspot numbers), so that one may use the logistic model to study the variations of solar cycles. However, the shape of logistic differential equation (Equation 8) in Figure 2 (a) is symmetrical about its peak, while the shape of solar cycles is usually asymmetrical about its peak. Therefore, the logistic function needs to be modified to show asymmetry.
Modified logistic function
In order to obtain an asymmetrical logistic differential equation, we replace x with x α in Equation (6) to get:
where α is a positive constant. It is noted that in the new Equation (10) the relationship between r and x is no longer linear. The modified differential and integral equations corresponding to Equations (8) and (9) are derived as:
In Figure 2 (b), the black and blue curves show the modified logistic function and its differential results with α = 0.2, respectively. We can see that the blue curve shows asymmetry about its peak, i.e., it increases rapidly before the peak while decreases slowly after the peak.
Models of sunspot number
The Equations (8) and (11) could be rewritten as follows:
where dx/dt is replaced with f that denotes the sunspot number. The parameters x and x m represent current population and the maximum population, respectively, in Ecology. However, in this work we call x and x m as current cumulative sunspot number and maximum cumulative sunspot number or total sunspot number for a solar cycle. Thus, the term x r = x m − x in Equation (13) indicates the residual sunspot number, which changes from x m to zero. In other words, the remaining sunspot number that the Sun will produce in the solar cycle is x r = x m − x. In the modified Equation (14), the term x r = x m − x in Equation (13) is modified as x
m , which also changes from x m to zero. Thus the term x ′ r represents the modified residual sunspot number. With the definition of x r = x m − x, the term r 0 (x/x m ) could be called as emergence rate of sunspot which changes from zero to r 0 , so that r 0 indicates the maximum emergence rate of sunspot. In addition, the parameters x 0 and α can be called initial cumulative sunspot number and asymmetry, respectively. Finally, the cumulative sunspot number x (t e ) at the end of solar cycle t e expressed by Equation (12) is indicated by x e . Thus, we obtain the model of sunspot number with a modified logistic differential equation expressed with Equation (14).
4. RESULTS
Fitting results
We fit the monthly smoothed sunspot number data with the model from the modified logistic differential equation for solar cycles from 1 to 23. The red curves in Figure 3 exhibit the fitting results, and the blue curves are the observations. From the figure we can see that the model can fit sunspot number data very well. The fitting parameters, α, r 0 , x 0 , x m , and x e are shown in table 1.
Evaluating of the fitting results
In order to evaluate the fitting results, we calculate the fitting goodness χ (Hathaway et al. 1994 )
the fitting deviation σ (Li 1999)
and the correlation coefficient CC (Bevington & Robinson 2003 )
The results of evaluating indices, χ, σ, and CC, are also listed in Table 1 . Note that, to calculate the evaluating indices, if the observed sunspot number S i is 0, it is assigned a value of 0.2 that is the minimum observed value except 0 for all of the cycles. From Table 1 we can see that for the solar cycles 1 to 23 the evaluating indices in the level similar to that of the model shown as Equation (2) proposed by Du (2011) .
Features of solar cycles
For a solar cycle, the most important features are the cycle length T c , the ascent time T a , the descent time 
Secondly, when a cycle reaches its end, the variables t and x in Equation (12) with correlation coefficient CC = 0.999 and significant at nearly 100% confidence level. Therefore, x e can be estimated by the linear equation (20), and T c can be expressed as:
Thirdly, T d can be obtained by subtracting T a from T c ,
Lastly, combining the initial condition x| t=0 = x 0 with Equation (14), S 0 can be presented as:
So that, if we have the fitting results of the four logistic parameters, we can get the feature parameters of the solar cycles as shown above. The relative error of S m and T a are listed in Table 1 , it can be seen that the relative error is generally in low level.
Two-parameter function
From Table 1 we can see that for the fitting results the mean and standard deviation of the asymmetry α are 0.312 and 0.368, respectively, and the mean and standard deviation of the maximum emergence rate r 0 are 9.152 and 15.982, respectively. Though for solar cycles 1 − 23, α ranges from 0.001 to 1.346, we find that the fitting results are also very good if a suitable fixed value of α is chosen for all of the cycles.
Next, we set α as a constant 0.2 and a three-parameter function is obtained. After fitting the three-parameter function to the sunspot number data of solar cycles 1 − 23, we get the mean and standard deviation of r 0 as 0.224 and 0.029, respectively, which indicates that the new model is more stable than the four-parameter one. Therefore, r 0 could be fixed to 0.224 for all of the cycles. Therefore, the four-parameter modified logistic function is reduced to a two-parameter one as
We fit the two-parameter modified logistic differential equation to the sunspot number data of solar cycles 1 − 23, the results are exhibited by the green curves in Figure 3 . It is shown that the two-parameter function can fit sunspot number data very well. Table 2 . It can be seen that the fitting results of two-parameter function is similar to that of four-parameter one, so that the two-parameter function is also suitable for representing the sunspot number variations of solar cycles.
A model with less parameters is beneficial for prediction. On the one hand, when a solar cycle has progressed for 2 to 3 years, i.e., ∆t = 2 to 3 years, some models can be used to fit the data available to predict the behaviour of the remaining cycle (e.g., Du 2011; Hathaway 2015) . In general, the model with fewer parameters would obtain better prediction results if there are less data available to fit. On the other hand, if we want to predict the sunspot number variations at the start of a solar cycle, only very few parameters can be estimated. Therefore, to reduce to two parameters is important for us to construct the prediction model based on the modified logistic differential equation.
PREDICTION ABILITY

Prediction model
In order to use the two-parameter function to predict the variations of sunspot numbers at the start of the solar cycle, we have to estimate the two parameters, i.e., x 0 and x m .
For estimating x m , we use Shannon entropy (also named as information entropy) as the potential predictor.
Shannon entropy is proposed by Shannon (Shannon 1948) last century and applied to space physics recently (e.g., Laurenza et al. 2012; Qin & Zhao 2013; Kakad et al. 2015 Kakad et al. , 2017 . It is a commonly used quantity to characterize the inherent randomness in the system. Kakad et al. (2017) divided every solar cycle to 5 phases each of which had an equal length of T c /5, then they calculated the value of Shannon entropy for each phase using daily sunspot number. Based on the Shannon entropy, they predicted the maximum sunspot numbers for solar cycle 25. We follow Kakad et al. 2017 to calculate the Shannon entropy. However, we use monthly mean sunspot number instead of daily one so that the calculation can be extended before solar cycle 10. The
Shannon entropies are listed in Table 3 for Table 4 . It is noted that to calculate the evaluating indices with Equations (15−17) the cycle length has to be correct, so the observed cycle length is used. From Figure 6 and Table 4 we can see that the prediction results are good except for cycles 5, 9, and 19. The average relative error of S m is 9%, which is better than the results of Hathaway et al. (1994) and Du (2011) . For T a , the average relative error is 17% and the maximum one is 69% in cycle 5, during which the sunspot number increases in the beginning but decreases after about 1 year. If solar cycle 5 is removed the average relative error of T a is 14%. The average relative error of T c , which is not predicted by other fitting functions in the literature, is 10%. The above errors can be taken as the relative errors of our prediction model.
Prediction of solar cycle 24
Solar cycle 24 starts in December 2008 and has progressed ∼ 9 years, which is long enough so that the parameters of the fitting function can be determined with high accuracy (Hathaway et al. 1994; Du 2011 ).
Thus, Equations (2) and (14) can be used to estimate the sunspot number in the remaining part of the cycle by fitting the ∼ 9 years data of cycle 24, and the estimated value can be compared with the prediction result by TMLP.
The red and black curves in Figure 7 show the TMLP result and the observation for solar cycle 24, respectively. The green and blue dashed curves indicate the fitting results by the modified Gaussian function Equation (2) (Du 2011 ) and the four-parameter modified logistic differential equation Equation (14), respectively. The cycle length from Equation (21) by fitting Equation (14) to ∼ 9 years observed data and that of the prediction result by TMLP are 10.41 and 10.90 ± 1.09 years, respectively. Note that, the cycle length of Equation (2) is taken as 11 years. The TMLP prediction result is consistent with the observation for the first 40 months of the cycle, and the sunspot number from TMLP prediction is higher than other curves after about 70 months but without larger error, i.e., the relative errors of S m and T a are 8% and 7%, respectively.
CONCLUSIONS
In this paper, we use the logistic function to study the time profile of the new version monthly smoothed sunspot number. Due to the fact that the variations of sunspot number is asymmetrical in cycles, we introduce an asymmetry α to modify the logistic function. There are three parameters in addition in the function, namely, maximum cumulative sunspot number or total sunspot number x m , initial cumulative sunspot number x 0 , and maximum emergence rate r 0 . By using these parameters we can give the features of solar cycles.
We find that the modified logistic differential equation can fit the variations of sunspot number of solar cycles very well. The fitting results show that if we choose α = 0.2 and r 0 = 0.224, the four-parameter function is reduced to a two-parameter one, which has similar fitting results generally. We plan to predict sunspot number variations of solar cycle 25 at the start of the cycle.
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